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In denotational semanti
s we are interested
� in e�e
ts

� not howa fun
tion is exe
uted.The hallmark

� semanti
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tions - 
ompositional� semanti
 
lause for ea
h of basis elements� semanti
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h of 
ompositional elements

⊲ de�ned through immediate 
onstituents
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� A : Aexp → (State 7→ Z) and B : Bexp → (State 7→ T)are ok

� Sns,Ssos : Stm → (State →֒ State)� not de�ned 
ompositionally
⊲ [whilesos] de�ned by

〈while b doS, s〉 ⇒
〈if b then (S; while b doS) else skip, s〉

� Sds : Stm → (State →֒ State)
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Sds[[x := a]]s = s[x 7→ A[[a]]s]

Sds[[skip]] = id
Sds[[S1; S2]] = Sds[[S2]] ◦ Sds[[S1]]

Sds[[if b then S1 else S2]] = 
ond(B[[b]],Sds[[S1]],Sds[[S2]])

Sds[[while b do S]] = FIX Fwhere F g = 
ond(B[[b]], g ◦ Sds[[S]], id)
� id is the identity fun
tion
� Auxilary fun
tions FIX and 
ond
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Sds[[S1; S2]] s = Sds[[S2]] ◦ Sds[[S1]] s

=












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




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


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

s′′ if there exists s′ su
h that Sds[[S1]]s = s′and Sds[[S2]]s
′ = s′′undef if Sds[[S1]]s = undefor there exists s'su
h that Sds[[S1]]s = s′but Sds[[S2]]s

′ = undef
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ond :
(State → T) × (State →֒ State) × (State →֒ State) → (State →֒ State)
ond(p, g1, g2) =

{

g1 s if p s = tt

g2 s if p s = �

Sds[[if b then S1 else S2]]s = 
ond(B[[b]],Sds[[S1]],Sds[[S2]])s

=























s′ if B[[b]]s = tt and Sds[[S1]]s = s′or if B[[b]]s = � and Sds[[S2]]s = s′undef if B[[b]]s = tt and Sds[[S1]]s = undefor if B[[b]]s = � and Sds[[S2]]s = undef
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� the e�e
t must be equalif b then (S; while b doS) else skip
� whi
h gives

Sds[[while b doS]] =
ond(B[[b]],Sds[[while b doS]] ◦ Sds[[S]], id)
� not 
ompositionalHowever,

� Sds[[while b doS]] is a �xed point of
� F g = 
ond(B[[b]], g ◦ Sds[[S]], id)
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Consider the statementwhile¬(x = 0) do skipFun
tional F ′is de�ned by
(F ′ g) s =

{

g s if s x 6= 0

s if s x = 0Fixed point
g1 s =

{undef if s x 6= 0

s if s x = 0Not a �xed point: g2 s = undef for all s



Problem
OverviewDire
t stylesemanti
s:spe
i�
ationIdeaSemanti
fun
tions so farDS for While

Sds for
omposition

Sds for 
ondition

Sds for whileExample 5.1

⊲ ProblemExample 5.2Example 5.3Requirements onthe �xed pointCase 1: terminatesCase 2: loopslo
allyCase 3: loopsgloballyExample 5.1: �xedpointsGeneralizingexperien
eFixed point theoryDire
t stylesemanti
s:existen
eAn equivalen
eresult 11 / 50

There are fun
tionals

� with many �xed points� In example 5.1 every g′ : State →֒ State satisfying
g′ s = s if s x = 0

� with no �xed points

� F1 g =

{

g1 if g = g2

g2 otherwise
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Determine fun
tional F forwhile¬(x = 0) dox := x − 1Consider

g1 s = undef for all s

g2 s =

{

s[x 7→ 0] if s x ≥ 0undef if s x < 0

g3 s =

{

s[x 7→ 0] if s x ≥ 0

s if s x < 0

g4 s = s[x 7→ 0] for all s

g5 s = s for all s
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Consider while¬(x = 1) do (y := y ∗ x; x := x − 1)Determine F , determine at least 2 �xed points for F
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To solve 2 problems with �xed points
� impose requirements, so that there is at most 1
� all fun
tionals from While do have su
h �xed pointsTo motivate 
hoi
e of requirements, 
onsider while b doS1. It terminates2. It loops lo
ally

� inside S3. it loops globally
� on the outer while-
onstru
t
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from state s0, there are states s1, . . . , sn su
h that
� B[[b]] si =

{tt if i < n� if i = n

and
� Sds[[S]] si = si+1 for i < nNow, let g0 be any �xed point of F , that is
F g0 = g0(
halkboard)
� uniquely de�ned, i.e. for every �xed point g0� g0 s0 = sn
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from state s0, there are states s1, . . . , sn su
h that
� B[[b]] si = tt for i ≤ n and

� Sds[[S]] si =

{

si+1 for i < nundef for i = nNow, let g0 be any �xed point of F , that is
F g0 = g0(
halkboard)
� uniquely de�ned, i.e. for every �xed point g0� g0 s0 = undef
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There is in�nite sequen
e of states s1, . . . su
h that
� B[[b]] si = tt for all i and

� Sds[[S]] si = si+1 for all iNow, let g0 be any �xed point of F , that is
F g0 = g0(
halkboard)

� non-uniquely de�ned
� 
annot obtain any additional requirements for the �xed point
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Indeed, statement while¬(x = 0) do skip in example 5.1 withfun
tional

(F ′ g) s =

{

g s if s x 6= 0

s if s x = 0and any fun
tion g : State →֒ State satisfying
g s = s if s x = 0will be a �xed point of F ′.Intuitively, we are interested in

Sds[[while¬(x = 0) do skip]] s0 =

{undef if s0 x 6= 0

s0 if s0 x = 0
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The desired �xed point FIX F should be a partial fun
tion
go : State →֒ State su
h that

� g0 is a �xed point of F (i.e. F go = g0), and
� if g is another f.p. of F , then� g0 s = s′ implies g s = s′
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Formalize the requirement that

� FIXF shares its result with all other �xed pointsDe�ne

� ordering g1 ⊑ g2on partial fun
tions State →֒ Statewhen g1 shares its result with g2

� if g1 s = s′ then g2 s = s′for all 
hoi
es of s and s′
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g1, g2,g3, g4 are partial fun
tions State →֒ State

� g1 = s for all s

� g2 s =

{

s if s x ≥ 0undef otherwise
� g3 s =

{

s if s x = 0undef otherwise
� g4 s =

{

s if s x ≤ 0undef otherwiseThen g1 ⊑ g1, g2 ⊑ g1, g2 ⊑ g2, et

� Hasse diagram
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De�nition

� graph(f) = {(x, y) ∈ X × Y |f x = y}� (x, y) ∈ graph(f) and (x, y′) ∈ graph(f) imply y = y′� ∀x ∈ X : ∃y ∈ Y : (x, y) ∈ graph(f)

� for partial fun
tions remove the se
ond requirementAn alternative 
hara
terization of the ordering ⊑

� g1 ⊑ g2 if and only if graph(g1) ⊆ graph(g2)
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Pair (D,⊑D) that satis�es1. d ⊑D d (re�exivity)2. d1 ⊑D d2 and d2 ⊑D d3 imply d1 ⊑D d3 (transitivity)3. d1 ⊑D d2 and d2 ⊑D d1 imply d1 = d2 (anti-symmetry)is a partially ordered set.(often omit D subs
ript in ⊑D)An element d ∈ D satis�ying
� d ⊑ d′ for all d′ ∈ Dis 
alled a least element of D.
� least element, if exists, is unique; denoted ⊥

(State →֒ State,⊑) is a partially ordered set (Lemma 5.13).
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Let S is a non-empty set, de�ne

P(S) = {K|K ⊆ S}then (P(S),⊆) is a partially ordered set.Example 
ase: S = {a, b, c}Exer
ise 5.11 Show that (P(S),⊇) is a partially ordered set,and determine the least element.Exer
ise 5.12 Let S be a non-empty set, and de�ne

P�n(S) = {K|K is �nite and K ⊆ S}.
� (P�n(S),⊆) and (P�n(S),⊇) are partially ordered sets?

� least elements?
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(State →֒ State,⊑) is a partially ordered set. The partialfun
tion ⊥ : State →֒ State de�ned by

⊥ s = undef for all sis the least element if State →֒ State.Proof1. re�exive2. transitive3. anti-symmetri
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More pre
ise requirements using ordering on partial fun
tions1. FIX F is a �xed point of F

� i.e. F (FIX F ) = FIX F2. FIX F is a least �xed point of F
� i.e. if F g = g then FIX F ⊑ g.
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� Complete partially ordered sets� upper bound, least upper bound ⊔, 
hain� 
hain 
omplete partially ordered sets (

po)

⊲ 

po has a least element, given by ⊥ =
⊔

∅� 
omplete latti
e� State →֒ State is a 

po (Lemma 5.25)
� Continuous fun
tions� monotone fun
tion f : D → D′ on 2 

po's� 
ontinuous fun
tion, preserves least upper bound� stri
t fun
tion
� Summarize the existen
e of least �xed points
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(State →֒ State,⊑) is a 

po. The least upper bound ⊔

Y of a
hain Y is given bygraph(⊔Y ) =
⋃

{graph(g)|g ∈ Y }that is,

(
⊔

Y ) s = s′ if and only if g s = s′ for some g ∈ YProof1. show ⋃

{graph(g)|g ∈ Y } is a graph of fun
tion in

State →֒ State2. prove this fun
tion is an upper bound of Y3. prove it is the least upper bound of Y
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Determine whi
h of the following fun
tionals of
(State →֒ State) → (State →֒ State) are monotone:
� F0 g = g

� F1 g =

{

g1 if g = g2

g2 otherwise where g1 6= g2

� (F ′ g) s =

{

g s if s x 6= 0

s if s x = 0
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Show that the fun
tional F ′ of Example 5.1 is 
ontinuous
(F ′ g) s =

{

g s if s x 6= 0

s if s x = 0
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De�ne the required �xed point operator FIX

Let f : D → D be a 
ontinuous fun
tion on the 

po (D,⊑)with least element ⊥. ThenFIX f =
⊔

{fn⊥|n ≥ 0}

� de�nes an element of D, and
� this element is the least �xed point of f
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Consider the fun
tion F ′ of Example 5.1:
(F ′ g) s =

{

g s if s x 6= 0

s if s x = 0We shall determine its least �x point using the approa
h ofTheorem 5.37.



Exer
ise 5.40

OverviewDire
t stylesemanti
s:spe
i�
ationFixed point theoryOrdering ofsemanti
 fun
tionsExample 5.6Exer
ise 5.8Partially orderedset ⊑DExample 5.10Lemma 5.13Requirements forFIX FMore mathemati
sLemma 5.25Exer
ise 5.28Exer
ise 5.33Theorem 5.37Example 5.38

⊲ Exer
ise 5.40SummaryDire
t stylesemanti
s:existen
eAn equivalen
eresult 34 / 50

Let f : D → D be a 
ontinuous fun
tion on a 

po (D,⊑) andlet d ∈ D satisfy f d ⊑ d. Show that FIX f ⊑ d
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Fixed point theory

1. We restri
t ourselves to 
hain 
omplete partially ordered sets(

po)

� in our 
ase semanti
 fun
tions (State →֒ State,⊑)2. We restri
t ourselves to 
ontinuous fun
tions on 

po's

� in our 
ase F g = 
ond(B[[b]], g ◦ Sds[[S]], id)3. We show that 
ontinuous fun
tions on 

po's always haveleast �xed points
� i.e. FIXF always exists
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Consider again

Sds[[while b do S]] = FIX Fwhere F g = 
ond(B[[b]], g ◦ Sds[[S]], id)Must show that F is 
ontinuous.Observe

� F g = F1(F2 g) where
� F1 g = 
ond(B[[b]], g, id) and
� F2 g = g ◦ Sds[[S]]



Lemma 5.43

OverviewDire
t stylesemanti
s:spe
i�
ationFixed point theoryDire
t stylesemanti
s:existen
eIn general

⊲ Lemma 5.43Exer
ise 5.44(Essential)Lemma 5.45Exer
ise 5.46(Essential)Proposition 5.47Example 5.48SummaryProperties of thesemanti
sAn equivalen
eresult

38 / 50

Let g0 : State →֒ State, p : State → T, and de�ne
F g = 
ond(p, g, g0)then F is 
ontinuous.Proof1. F is monotone

� g1 ⊑ g2 implies F g1 ⊑ F g22. F is 
ontinuous: let Y is a non-empty 
hain

� must show that F (
⊔

Y ) ⊑
⊔

{F g|g ∈ Y }
� i.e. graph(F (

⊔

Y )) ⊆
⋃

{graph(F g)|g ∈ Y }� see slide 35 for graph(⊔Y ) =
⋃

{graph(g)|g ∈ Y }
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Prove (in the setting of Lemma 5.43) F de�ned by
� F g = 
ond(p, g0, g)is 
ontinuous.
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Let g0 : State →֒ State, and de�ne
F g = g ◦ g0then F is 
ontinuous.Proof:

� show that F is monotone, use� graph(g1) ⊆ graph(g2) =⇒� graph(g0) ⋄ graph(g1) ⊆ graph(g0) ⋄ graph(g2)

� show that F is 
ontinuous� i.e. graph(F (
⊔

Y )) = ... = graph(⊔{F g|g ∈ Y })� Lemma 5.25 is used twi
e
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Prove that (in the setting of Lemma 5.45) F de�ned by
� F g = g0 ◦ gis 
ontinuous.
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The semanti
 equations of Table 5.1 de�ne a total fun
tion Sdsin Stm →(State →֒ State).ProofBy stru
tural indu
tion on statement S1. x := a2. skip3. S1; S24. if b thenS1 elseS25. while b doS
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Consider the denotational semanti
s of the fa
torial statement
Sds[[y := 1; while¬(x = 1) do (y := y ∗ x; x := x − 1)]]
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The well-de�nedness of Sds relies on the following results1. The set State →֒ State equiped with ⊑ is a 

po2. Certain fun
tions

Ψ : (State →֒ State) → (State →֒ State) are 
ontinuous3. In the de�nition of Sds we only apply the �xed pointoperation to 
ontinous fun
tions
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S1 and S2 are semanti
ally equivalent if and only if

Sds[[S1]] = Sds[[S2]]
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For every statement S of While, we have Ssos[[S]] = Sds[[S]].Proof:

� Ssos[[S]] ⊑ Sds[[S]] and (Lemma5.56)
� Sds[[S]] ⊑ Ssos[[S]] (Lemma 5.57)
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For every statement S of While, we have Ssos[[S]] ⊑ Sds[[S]].Proof: It is su�
ient to prove that for all s and s′ (∗)

〈S, s〉 ⇒∗ s′ implies Sds[[S]] s = s′To do so, we shall need to establish (∗∗)

〈S, s〉 ⇒ s′ implies Sds[[S]] s = s′

〈S, s〉 ⇒ 〈S′, s′〉 implies Sds[[S]] s = Sds[[S
′]] s′

� Then by indu
tion on the length k of of the derivationsequen
e (∗∗) =⇒ (∗)
� Proove (∗∗) by the indu
tion on the shape of the derivationtree for 〈S, s〉 ⇒ s′ and 〈S, s〉 ⇒ 〈S′, s′〉
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For every statement S of While, we have Sds[[S]] ⊑ Ssos[[S]]Proof: By stru
tural indu
tion on the statement S.
� 
ase S1; S2 : use ◦ is monotone + exer
ise 2.21 result� ex. 2.21: if 〈S1, s〉 ⇒

∗ then 〈S1; S2, s〉 ⇒
∗ 〈S2, s

′〉

� 
ase if b thenS1 elseS2: use 
ond is monotone
� 
ase while b doS� prove F (Ssos[[while b doS]]) ⊑ Ssos[[while b doS]]� ex. 5.40: let f : D → D be a 
ontinuous fun
tion on a

po (D,⊑) and let d ∈ D satisfy f d ⊑ d. Show thatFIX f ⊑ d
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Equivalen
e of Operational and Denotational Semanti
s1. Prove that Ssos[[S]] ⊑ Sds[[S]] to show that(a) if a statement is exe
uted one step in SOS andi. does not terminate, then this does not 
hangethe meaning of DSii. does terminate, then the same result is obtainedin DS(b) and using indu
tion on the length if derivationsequen
es.2. Prove that Sds[[S]] ⊑ Ssos[[S]]

� stru
tural indu
tion on statement S
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